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ABSTRACT. Selberg Buzano :
$\langle y_{k},$ $z_{i}\rangle=0(i=1,2, \ldots, n k=1,2)$ Hilbert space $\mathscr{H}$ $y_{1},$ $y_{2}$ $0$
$\{z_{i};i=1,2, \ldots, n\}$
$| \langle x, y_{1}\rangle\langle x, y_{2}\rangle|+\mathcal{B}(y_{1}, y_{2})\sum_{i}\frac{|\langle x,z_{i}\rangle|^{2}}{\sum_{j}|\langle z_{i},z_{j}\rangle|}\leq \mathcal{B}(y_{1}, y_{2})\Vert x\Vert^{2}$
$x\in \mathscr{H}$ $\mathcal{B}(y_{1}, y_{2})$ $:= \frac{1}{2}(\Vert y_{1}\Vert\Vert y_{2}\Vert+|\langle y_{1}, y_{2}\rangle|)$
Heinz-Kato-Furuta
1.
$\mathscr{H}$ Hilbert space [8] $K$ . and F. Kubo Bessel
Selberg Ger\v{s}gorin
:
Selberg $\mathscr{H}$ $0$ $\{z_{i;}i=1,2, \ldots, n\}$




Lemma A. $y\in \mathscr{H}$ $0$ $\{z_{i};i=1,2, \ldots, n\}\subset \mathscr{H}$ $\langle y,$ $z_{i}\rangle=0$




$(BI)$ $|\langle x,$ $y_{1}\rangle\langle x,$ $y_{2} \rangle|\leq\frac{1}{2}(\Vert y_{1}\Vert\Vert y_{2}\Vert+|\langle y_{1}, y_{2}\rangle|)\Vert x\Vert^{2}$
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$y_{1}=y_{2}$ Schwarz
Selberg Buzano Lemma A
Heinz-Kato-Furuta
2. SELBERG BUZANO
Buzano $y_{1},$ $y_{2}\in \mathscr{H}$
$\mathcal{B}(y_{1}, y_{2})$ :
$\mathcal{B}(y_{1}, y_{2}):=\frac{1}{2}(\Vert y_{1}\Vert\Vert y_{2}\Vert+|\langle y_{1}, y_{2}\rangle|)$.
Lemma 2.1. $y_{1},$ $y_{2}$ ( $BI$ ) $x\in \mathscr{H}$
:
$|\langle x, y_{1}\rangle\langle x, y_{2}\rangle|\leq \mathcal{B}(y_{1}, y_{2})\Vert x\Vert^{2}$
$\{y_{1}, y_{2}\}$ ( $BI$) $x\in \mathscr{H}$
$x=a(\Vert y_{2}\Vert y_{1}+e^{i\theta}\Vert y_{1}\Vert y_{2})$ $a$
$\theta=\arg\langle y_{1},$ $y_{2}\rangle$ $\{y_{1}, y_{2}\}$ ( $BI$) $x\in \mathscr{H}$
$x=ay_{1}$ $a$
Proof. ( $BI$) $\Vert x\Vert=1$
$|\langle y_{1},$ $x\rangle\langle x,y_{2}\rangle|=|\langle\langle y_{1},$ $x \rangle x-\frac{1}{2}y_{1},$ $y_{2} \rangle+\frac{1}{2}\langle y_{1},$ $y_{2}\rangle|$
$\leq|\langle\langle y_{1}, x\rangle x-\frac{1}{2}y_{1}, y_{2}\rangle|+\frac{1}{2}|\langle y_{1}, y_{2}\rangle|$
$\leq\Vert\langle y_{1}, x\rangle x-\frac{1}{2}y_{1}\Vert\Vert y_{2}\Vert+\frac{1}{2}|\langle y_{1}, y_{2}\rangle|$
$= \frac{1}{2}\Vert y_{1}\Vert\Vert y_{2}\Vert+\frac{1}{2}|\langle y_{1}, y_{2}\rangle|$
$=\mathcal{B}(y_{1}, y_{2})$ .
$\{y_{1}, y_{2}\}$ ( $BI$)
(resp. )
$\arg\langle 2\langle y_{1}, x\rangle x-y_{1}, y_{2}\rangle=\arg\langle y_{1}, y_{2}\rangle:=\theta$
(resp. $k$ :
$ky_{2}=2\langle y_{1}, x\rangle x-y_{1})$ .
$\arg k=\theta$
$|k|\Vert y_{2}\Vert=\Vert 2\langle y_{1}, x\rangle x-y_{1}\Vert=\Vert y_{1}\Vert$
$k= \frac{\Vert y_{1}||}{||y_{2}||}e^{i\theta}$
$x$ $a,$
$b$ $x=ay_{1}+by_{2}$ $ky_{2}=2\langle y_{1},$ $x\rangle x-y_{1}=$
$2b\langle y_{1},$ $x\rangle y_{2}+2a\langle y_{1},$ $x\rangle y_{1}-y_{1}$ $\{y_{1}, y_{2}\}$
$2a\langle y_{1}, x\rangle=1, 2b\langle y_{1}, x\rangle=k,$
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$b=ak$ $x=a(y_{1}+ky_{2})$ $c$ $\theta=\arg\langle y_{1},$ $y_{2}\rangle$
$x=c(\Vert y_{2}\Vert y_{1}+e^{i\theta}\Vert y_{1}\Vert y_{2})$
$x=\Vert y_{2}\Vert y_{1}+e^{i\theta}\Vert y_{1}\Vert y_{2}(\theta=\arg\langle y_{1}, y_{2}\rangle)$ ( $BI$ )
:
$|\langle y_{1}, x\rangle\langle x, y_{2}\rangle|=4\mathcal{B}(y_{1}, y_{2})^{2}\Vert y_{1}\Vert\Vert y_{2}\Vert,$
$\Vert x\Vert^{2}=4\mathcal{B}(y_{1}, y_{2})\Vert y_{1}\Vert\Vert y_{2}\Vert.$
$\{y_{1}, y_{2}\}$
Selberg ([2, Theorem 2] ):
Lemma 2.2. $\{z_{i};i=1,2, \ldots, n\}$ $\mathscr{H}$ $0$
$\sum_{i}\frac{|\langle x,z_{i}\rangle^{2}|}{\sum_{j}|\langle z_{i},z_{j}\rangle|}=\Vert x\Vert^{2}$
$x\in \mathscr{H}$ $i,j$ $\langle a_{i}z_{i},$ $a_{j}z_{j}\rangle\geq 0$
$|a_{i}|=|a_{j}|$ $a_{1},$ $\cdots,$ $a_{n}$ $x= \sum$ aizi
Selberg Buzano
Theorem 2.3. $y_{1},$ $y_{2}\in \mathscr{H}$ $0$ $\{z_{i};i=1,2, \ldots, n\}\subset \mathscr{H}$
$\langle y_{k},$ $z_{i}\rangle=0(k=1,2)$
(2.1) $| \langle x, y_{1}\rangle\langle x, y_{2}\rangle|+\mathcal{B}(y_{1}, y_{2})\sum_{i}\frac{|\langle x,z_{i}\rangle^{2}|}{\sum_{j}|\langle z_{i},z_{j}\rangle|}\leq \mathcal{B}(y_{1}, y_{2})\Vert x\Vert^{2}$
$x\in \mathscr{H}$
$X_{1}$ (resp. $x_{2}$ ) Lemma
2.1 (resp. Lemma 2.2) ( $BI$) (resp.( $SI$ )) $x=x_{1}\oplus x_{2}$
Proof. $a_{i}:= \frac{\langle x,z_{i}\rangle}{\Sigma_{j}|\langle z_{i},z_{j}\rangle|},$ $u:=x- \sum_{i}a_{i}z_{i}$
$\Vert u\Vert^{2}=\Vert x-\sum_{i}a_{i}z_{i}\Vert^{2}$
$= \Vert x\Vert^{2}-2{\rm Re}\sum_{i}\overline{a}_{i}\langle x, z_{i}\rangle+\Vert\sum_{i}a_{i}z_{i}\Vert^{2}$
$\leq\Vert x\Vert^{2}-2\sum_{i}\frac{|\langle x,z_{i}\rangle|^{2}}{\sum_{j}|\langle z_{i},z_{j}\rangle|}+\sum_{i,j}|a_{i}||a_{j}||\langle z_{i}, z_{j}\rangle|$
$\leq\Vert x\Vert^{2}-2\sum_{i}\frac{|\langle x,z_{i}\rangle|^{2}}{\sum_{j}|\langle z_{i},z_{j}\rangle|}+\sum_{i}|a_{i}|^{2}\sum_{j}|\langle z_{i}, z_{j}\rangle|$
153
$= \Vert x\Vert^{2}-\sum_{i}\frac{|\langle x,z_{i}\rangle^{2}|}{\sum_{j}|\langlez_{i},z_{j}\rangle|}.$
$\mathcal{B}(y_{1}, y_{2})$ Buzano
$\mathcal{B}(y_{1}, y_{2})(\Vert x\Vert^{2}-\sum_{i}\frac{|\langle x,z_{i}\rangle|^{2}}{\sum_{j}|\langle z_{i},z_{j}\rangle|})\geq \mathcal{B}(y_{1}, y_{2})\Vert u\Vert^{2}$




[6, Theorem 2] Selberg : $T$ $\mathscr{H}$
$ker(T)$ $z_{i}\not\in ker(T^{*})(i=1,2, \ldots, n)$
(3.1) $\sum_{i}\frac{|\langle Tx,z_{i}\rangle|}{\sum_{j}|\langle|T^{*}|^{2(1-\alpha)}z_{i},z_{j}\rangle|}\leq\Vert|T|^{\alpha}x\Vert^{2}$
$x\in \mathscr{H}$ $\alpha\in[0,1]$
Corollary 3.1. $T=U|T|$ $\mathscr{H}$ $T$ $z_{i}\not\in ker(T^{*})(i=$
$1,2,$
$\ldots,$
$n)$ $\alpha\in[0,1]$ $\langle U|T|^{1-\alpha}y_{k},$ $z_{i}\rangle=0(k=1,2 i=1,2, \ldots, n)$
(3.2) $|\langle|T|^{\alpha}x,$ $y_{1}\rangle\langle|T|^{\alpha}x,$ $y_{2} \rangle|+\mathcal{B}(y_{1}, y_{2})\sum_{i}\frac{|\langle Tx,z_{i}\rangle|^{2}}{\sum_{j}|\langle|T^{*}|^{2(1-\alpha)}z_{i},z_{j}\rangle|}\leq \mathcal{B}(y_{1}, y_{2})\Vert|T|^{\alpha}x\Vert^{2}$
$x\in \mathscr{H}$
Proof. Theorem 2.3 $x,$ $z_{i}$ $|T|^{\alpha}x,$ $|T|^{l-\alpha}U^{*}z_{i}$ $\iota$
(3.1) :
Corollary 3.2. $T=U|T|$ $\mathscr{H}$ $T$ $z_{i}\not\in ker(T^{*})(i=$
$1,2,$
$\ldots,$
$n)$ $\alpha,$ $\beta\geq 0$ $\alpha+\beta\geq 1\geq\alpha$ $k=1,2$
$i=1,2,$ $\ldots,$ $n$ $\langle|T^{*}|^{\beta+1-\alpha}y_{k},$ $z_{i}\rangle=0$
$|\langle T|T|^{\alpha+\beta-1}x,$ $y_{1}\rangle\langle T|T|^{\alpha+\beta-1}x,$ $y_{2} \rangle|+\mathcal{B}(|T^{*}|^{\beta}y_{1}, |T^{*}|^{\beta}y_{2})\sum_{i}\frac{|\langle Tx,z_{i}\rangle|^{2}}{\sum_{j}|\langle|T^{*}|^{2(1-\alpha)}z_{i},z_{j}\rangle|}$
$\leq \mathcal{B}(|T^{*}|^{\beta}y_{1}, |T^{*}|^{\beta}y_{2})\Vert|T|^{\alpha}x\Vert^{2}$
$x\in \mathscr{H}$ $\alpha\in[0,1]$ $\langle|T^{*}|^{2(1-\alpha)}y_{k},$ $z_{i}\rangle=0$
$(k=1,2 i=1,2, \ldots, n)$




Proof. Theorem 2.3 $x,$ $z_{i},$ $y_{k}$ $|T|^{\alpha_{X}},$ $|T|^{1-\alpha}U^{*}z_{i},$ $U^{*}|T^{*}|^{\beta}y_{k}$
:
$\langle|T^{*}|^{\beta}y_{k}, |T^{*}|^{1-\alpha}z_{i}\rangle=\langle|T^{*}|^{\beta+1-\alpha}y_{k}, z_{i}\rangle=0.$
Corollary 3.3. $T=U|T|$ $\mathscr{H}$ $T$ $z_{i}\not\in ker(T)(i=$
$1,2,$
$\ldots,$
$n)$ $\alpha,$ $\beta\geq 0$ $\alpha+\beta\geq 1$ $\langle T|T|^{\alpha+\beta-1}z_{i,y_{k}}\rangle=0$
$(k=1,2 i=1,2, \ldots, n)$
$|\langle T|T|^{\alpha+\beta-1}x,$ $y_{1}\rangle\langle T|T|^{\alpha+\beta-1}x,$ $y_{2} \rangle|+\mathcal{B}(|T^{*}|^{\beta}y_{1}, |T^{*}|^{\beta}y_{2})\sum_{i}\frac{|\langle|T|^{2\alpha}x,z_{i}\rangle|^{2}}{\sum_{j}|\langle|T|^{2\alpha}z_{i},z_{j}\rangle|}$
$\leq \mathcal{B}(|T^{*}|^{\beta}y_{1}, |T^{*}|^{\beta}y_{2})\Vert|T|^{\alpha}x\Vert^{2}$
$x\in \mathscr{H}$
Proof. Theorem 2.3 $x,$ $z_{i}$ , $U|T|^{\alpha}x,$ $U|T|^{\alpha}z_{i},$ $|T^{*}|^{\beta}y_{k}$
4. EXTENSIONS OF HEINZ-KATO-FURUTA
[6] Heinz-Kato :
Heiz-Kato-Furuta $A$ $B$ $\mathscr{H}$ $T$ $T^{*}T\leq A^{2}$
$TT^{*}\leq B^{2}$
$|\langle T|T|^{\alpha+\beta-1}x, y\rangle|\leq\Vert A^{\alpha}x\Vert\Vert B^{\beta}y\Vert$





Lemma 4.1. $B\geq 0$ $TT^{*}\leq B^{2}$ $\beta\in[0,1]$
$\mathcal{B}(|T^{*}|^{\beta}y_{1}, |T^{*}|^{\beta}y_{2})\leq\Vert B^{\beta}y_{1}\Vert\Vert B^{\beta}y_{2}\Vert$
$y_{1},$ $y_{2}\in \mathscr{H}$
Proof. L\"owner-Heinz
$|T^{*}|^{2\beta}\leq B^{2\beta}$ for $\beta\in[0,1]$
$\Vert|T^{*}|^{\beta}y\Vert\leq\Vert B^{\beta}y\Vert$ $y\in \mathscr{H}$
$\mathcal{B}(|T^{*}|^{\beta}y_{1}, |T^{*}|^{\beta}y_{2})\leq\Vert|T^{*}|^{\beta}y_{1}\Vert\Vert|T^{*}|^{\beta}y_{2}\Vert\leq\Vert B^{\beta}y_{1}\Vert\Vert B^{\beta}y_{2}\Vert.$
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Corollary 3. 1 L\"owner-Heinz :
Corollary 4.2. $T=U|T|$ $\mathscr{H}$ $T$ $z_{i}\not\in ker(T^{*})(i=$
$1,2,$
$\ldots,$
$n)$ $\alpha\in[0,1]$ $A$ $T^{*}T\leq A^{2}$ $k=1,2$ $i=1,2,$ $\ldots,$ $n$
$\langle U|T|^{1-\alpha}y_{k},$ $z_{i}\rangle=0$
(4.1) $|\langle|T|^{\alpha}x,$ $y_{1}\rangle\langle|T|^{\alpha}x,$ $y_{2} \rangle|+\mathcal{B}(y_{1}, y_{2})\sum_{i}\frac{|\langle Tx,z_{i}\rangle|^{2}}{\sum_{j}|\langle|T^{*}|^{2(1-\alpha)z_{i}},z_{j}\rangle|}\leq \mathcal{B}(y_{1}, y_{2})\Vert A^{\alpha}x\Vert^{2}$
$x\in \mathscr{H}$
Corollary 3.2 Lemma 4.1 :
Corollary 4.3. $T=U|T|$ $\mathscr{H}$ $T$ $z_{i}\not\in ker(T^{*})(i=$
$1,2,$
$\ldots,$
$n)$ $\alpha,$ $\beta\in[0,1]$ $\alpha+\beta\geq 1$ $A,$ $B\geq 0$ $T^{*}T\leq A^{2}$
$TT^{*}\leq B^{2}$ $k=1,2_{\backslash }i=1,2,$
$\ldots,$
$n$ $\langle|T^{*}|^{\beta+1-\alpha}y_{k},$ $z_{i}\rangle=0$
$|\langle T|T|^{\alpha+\beta-1}x,$ $y_{1}\rangle\langle T|T|^{\alpha+\beta-1}x,$ $y_{2} \rangle|+\mathcal{B}(|T^{*}|^{\beta}y_{1}, |T^{*}|^{\beta}y_{2})\sum_{i}\frac{|\langle Tx,z_{i}\rangle|^{2}}{\sum_{j}|\langle|T^{*}|^{2(1-\alpha)}z_{i},z_{j}\rangle|}$
$\leq\Vert B^{\beta}y_{1}\Vert\Vert B^{\beta}y_{2}\Vert\Vert A^{\alpha}x\Vert^{2}$
$x\in \mathscr{H}$ $\alpha\in[0,1]$ $\langle|T^{*}|^{2(1-\alpha)}y_{k},$ $z_{i}\rangle=0$
$| \langle Tx, y_{1}\rangle\langle Tx, y_{2})|+\mathcal{B}(|T^{*}|^{(1-\alpha)}y_{1}, |T^{*}|^{1-\alpha}y_{2})\sum_{i}\frac{|\langle Tx,z_{i}\rangle|^{2}}{\sum_{j}|\langle|T^{*}|^{2(1-\alpha)}z_{i},z_{j}\rangle|}$
$\leq\Vert B^{1-\alpha}y_{1}\Vert\Vert B^{1-\alpha}y_{2}\Vert\Vert A^{\alpha}x\Vert^{2}$
$x\in \mathscr{H}$
Corollary 3.3 Lemma 4.1 :
Corollary 4.4. $T=U|T|$ $\mathscr{H}$ $T$ $z_{i}\not\in ker(T^{*})(i=$
$1,2,$ $\ldots,$ $n)$ $\alpha,$ $\beta\geq 0$ $\alpha+\beta\geq 1$ $A,$ $B\geq 0$ $T^{*}T\leq A^{2}$
$TT^{*}\leq B^{2}$ $k=1,2_{\backslash }i=1,2,$
$\ldots,$
$n$ $\langle T|T|^{\alpha+\beta-1_{Z_{i,y_{k}}}}\rangle=0$
$|\langle T|T|^{\alpha+\beta-1}x,$ $y_{1}\rangle\langle T|T|^{\alpha+\beta-1}x,$ $y_{2} \rangle|+\mathcal{B}(|T^{*}|^{\beta}y_{1}, |T^{*}|^{\beta}y_{2})\sum_{i}\frac{|\langle|T|^{2\alpha}x,z_{i}\rangle|^{2}}{\sum_{j}|\langle|T|^{2\alpha}z_{i},z_{j}\rangle|}$




Heinz-Kato-Furuta Furuta ([4], [1],
[5], [7] $)$ :
Furuta $A\geq B\geq 0$ $r\geq 0$
$(A^{r}A^{p}A^{r})^{1/q}\geq(A^{r}B^{p}A^{r})^{1/q},$
$(B^{r}A^{p}B^{r})^{1/q}\geq(B^{r}B^{p}B^{r})^{1/q}$
$(1+2r)q\geq p+2r$ $p\geq 0$ $q\geq 1$
Corollary 3.2 :
Theorem 5.1. $A,$ $B$ $\mathscr{H}$ $T$ $T^{*}T\leq A^{2}$
$r,$ $s\geq 0$
$|\langle T|T|^{(1+2r)\alpha+(1+2s)\beta-1}x, y_{1}\rangle\langle T|T|^{(1+2r)\alpha+(1+2s)\beta-1}x, y_{2}\rangle|$
(5.1) $+ \mathcal{B}(|T^{*}|^{(I+2s)\beta}y_{1}, |T^{*}|^{(1+2s)\beta}y_{2})\sum_{i}\frac{|\langle Tx,z_{i}\rangle|^{2}}{\sum_{j}\langle|T^{*}|^{2(1-\alpha-2r\alpha)}z_{i},z_{j}\rangle}$
$\leq \mathcal{B}(|T^{*}|^{(1+2s)\beta}y_{1}, |T^{*}|^{(1+2s)\beta}y_{2})\langle(|T|^{2r}A^{2p}|T|^{2r})_{X,X\rangle}^{\frac{(1+2r)\alpha}{p+2r}}$
$p,$ $q\geq 1$ $(1+2r)\alpha+(1+2s)\beta\geq 1\geq(1+2r)\alpha$ $\alpha,$ $\beta\in[0,1]$ $z_{i}\not\in ker(T^{*})$
$\langle|T^{*}|^{(1+2\epsilon)\beta+1-(1+2r)\alpha}y_{k},$ $z_{i}\rangle=0$ $x,$ $y_{k},$ $z_{i}\in \mathscr{H}$ $(k=1,2 i=1, \cdots , n)$
Proof. Corollary 3.2 $\alpha$ (resp. $\beta$) $\alpha_{1}=(1+2r)\alpha$ $($ resp. $\beta_{1}=(1+2s)\beta)$
$|\langle T|T|^{\alpha+\beta_{1}-1}1x,$ $y_{1}\rangle\langle T|T|^{\alpha 1+\beta_{1}-1}x,$ $y_{2} \rangle|+\mathcal{B}(|T^{*}|^{\beta_{1}}y_{1}, |T^{*}|^{\beta_{1}}y_{2})\sum_{i}\frac{|\langle Tx,z_{i}\rangle|^{2}}{\sum_{j}|\langle|T^{*}|^{2(1-\alpha1)}z_{i},z_{j}\rangle|}$
$\leq \mathcal{B}(|T^{*}|^{\beta_{1}}y_{1}, |T^{*}|^{\beta_{1}}y_{2})\langle|T|^{2\alpha_{1}}x,$ $x\rangle$




Theorem 5.2. $A,$ $B$ $\mathscr{H}$ $T$ $T^{*}T\leq A^{2}$
$r,$ $s\geq 0$
$|\langle T|T|^{(1+2r)\alpha+(1+2s)\beta-1}x, y_{1}\rangle\langle T|T|^{(1+2r)\alpha+(1+2s)\beta-1}x, y_{2}\rangle|$
(5.2) $+ \mathcal{B}(|T^{*}|^{(1+2s)\beta}y_{1}, |T^{*}|^{(1+2s)\beta}y_{2})\sum_{i}\frac{|\langle|T|^{2(1+2r)\alpha}x,z_{i}\rangle|^{2}}{\sum_{j}|\langle|T|^{2(1+2r)\alpha}z_{i},z_{j}\rangle|}$
$\leq \mathcal{B}(|T^{*}|^{(1+2s)\beta}y_{1}, |T^{*}|^{(1+2s)\beta}y_{2})\langle(|T|^{2r}A^{2p}|T|^{2r})_{X,X\rangle}^{\frac{(1+2r)\alpha}{p+2r}}$
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$p,$ $q\geq 1$ $(1+2r)\alpha+(1+2s)\beta\geq 1$ $\alpha,$ $\beta\in[0,1]$ $z_{i}\not\in ker(T)$
$\langle\tau|\tau|^{(1+2r)\alpha+(1+2s)\beta-1_{Z_{i,y_{k}\rangle=0}}}$ $x,$ $y_{k},$ $z_{j}\in \mathscr{H}(k=1,2 i=1, \cdots, n)$
Proof. Corollary 3.3 $\alpha$ (resp. $\beta$ ) $\alpha_{1}=(1+2r)\alpha$ $($ resp. $\beta_{1}=(1+2s)\beta)$
$| \langle 1\langle 1|+\mathcal{B}(|T^{*}|^{\beta_{1}}y_{1}, |T^{*}|^{\beta_{1}}y_{2})\sum_{i}\frac{|\langle|T|^{2\alpha_{1}}x,z_{i}\rangle|^{2}}{\sum_{j}|\langle|T|^{2\alpha 1}z_{i},z_{j}\rangle|}$
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